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1. Introduction
Let d be an integer-valued dimension function considered on a class Ψ of topological
spaces and trd be its transfinite extension in Ψ . Suppose that Σd and Σtrd are axiomatics
of the functions d and trd. We shall say that these axiomatics are conforming if the system
Σtrd can be considered as a natural extension of the system Σd . In the article we construct
the conforming axiomatics of the covering dimension dim and theD-dimension [6] on the
class of all metrizable compacta. It is a strengthening of a result from [4]. We obtain also
the conforming axiomatics of dim and the dimension function zwP (see Definition 1) on
the class of all separable metrizable spaces. The obtained axiomatics of dim on the class of
all separable metrizable spaces differs from the known axiomatics from [11,12,3]. About
other axiomatics of dim one can read, for example, in [1].
2. Decomposing mappings
Recall [14] that a mapping f :X→ Y is decomposing if for every point x ∈ X and
every its open neighborhood Ox there exists an open neighborhood Uf (x) of f (x) such
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that f−1(Uf (x)) = V 1 ∪ V 2, where V 1 and V 2 are open disjoint subsets of X and
x ∈ V 1 ⊂Ox .
Recall [14] some properties of decomposing mappings.
(1) Any embedding is a decomposing mapping.
(2) A mapping of a compact space is decomposing iff this mapping is 0-dimensional in
the sense of ind.
(3) Let f :X→ Y be a decomposing mapping. Then
(a) ind(X)6 ind(Y );
(b) If A⊂X then f |A :A→ Y is decomposing;
(c) If Y is a compact then there exists a compactification bX of X such that
wbX =max{wX,wY } and f has a zero-dimensional extension on bX;
(d) If g :Y →Z is a decomposing mapping then gf is the same.
Note also that any virtual embedding (see [3] for the definition) is a decomposing
mapping. If f :X→ Y is decomposing and X is separable metrizable then f is a virtual
embedding.
Throughout this note we shall consider only separable metrizable spaces. This class of
topological spaces we denote by S. Let C be the class of all compact spaces. The necessary
information about the notions and notations we use can be found in [2,5].
3. Axiomatic characterizations of dim
In the sequel, US (UC) denotes a subclass of S (C) that contains all cubes In, n ∈
N = {1,2,3, . . .}, and every space homeomorphic with a closed subspace of a member
of US (UC). Examples of such classes US (UC) are all finite-dimensional spaces (all
finite-dimensional compacta), all subspaces of strongly countable-dimensional compacta
(all strongly countable-dimensional compacta), the class S (C) and other.
Let d :U→R∪ {−∞,∞} be an extended real-valued function, where U is UC or US .
Consider the following possible properties of d which are called axioms.
(A1) d(In)= n, where n is an integer larger than −1, I 0 is the singleton and I−1 is the
empty set.
(A2) If f :X→ Y is a decomposing mapping between members of U then d(X) 6
d(Y ).
(A3) If X is nondegenerated and d(X) is a nonnegative real number then there exists a
partition Y in X with d(Y )6 d(X)− 1.
The notation X ' Y will mean that the spaces X and Y are homeomorphic.
Lemma 1. Let d :US (UC) → R ∪ {−∞,∞} be an extended real-valued function
satisfying (A2) and A, X ∈US (UC). Then
(a) d(X)= d(Y ) if X ' Y ;
(b) d(A)6 d(X) if A is non-empty subset of X.
Recall [14] that
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(#) for a space X we have
dim(X)=

−1, if X = ∅;
min{n ∈ {0} ∪N: there exists a decomposing mapping
f :X→ In};
∞, otherwise.
Lemma 2. Let d :U→R∪{−∞,∞} be an extended real-valued function satisfying (A1),
(A2) and X ∈ U . Then
(a) 06 d(X) if X 6= ∅;
(b) d(X)6 dim(X).
Proof. (a) Recall that d(the singleton)= 0 by (A1) and ifX 6= ∅, d(X)> d(the singleton)
by Lemma 1(b).
Now we shall prove (b). If dim(X)=∞ then (b) evidently occurs. If dim(X)=−1 then
X= ∅. Hence d(X)=−1 according to (A1).
If −1 < dim(X) = n <∞ then by (#) there exists a decomposing mapping f :X→
In. According to (A1) we have d(In) = n. So by (A2) we get d(X) 6 d(In) = n =
dim(X). 2
Recall that a n-dimensional compact space X is a n-dimensional Cantor manifold
(n ∈N∪ {∞}) if for every separating set T of X we have dim(T )> n− 1.
Proposition 1 (see, for example, [13]). LetX be a compact space with dim(X)=∞. Then
X contains closed subspaces of arbitrary large finite covering dimension orX contains∞-
dimensional Cantor manifold.
Corollary 1. Let X be a compact space with dim(X)=∞. Then for every m ∈N there is
a compact subspace Y ⊂X such that for any partition C in Y we have dim(C)>m.
Proof. If X contains a ∞-dimensional Cantor manifold then the statement is true. If X
does not contain a ∞-dimensional Cantor manifold then according to Proposition 1 the
space X contains a compact subspace Z with dim(Z) = n > m, where n ∈ N. It is well
known [2] that there exists a n-dimensional Cantor manifold Y ⊂ Z which cannot be
separated by a partition C with dim(C)6 n− 2>m− 1. 2
Theorem 1.
(a) The function dim considered on UC satisfies (A1)–(A3).
(b) Let d :UC → R ∪ {−∞,∞} satisfy (A1)–(A3). Then d(X) = dim(X) for all X ∈
UC .
Proof. (a) is evidently valid (see, for example, [2]).
(b) We have to prove the inequality
d(X)> dim(X) for all X ∈ UC. (∗)
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LetX ∈UC . If d(X)=∞ then (∗) occurs. If d(X)=−1 then X = ∅ (see Lemma 2(a)).
Hence dim(X)=−1. Consider the case −1< d(X) <∞.
Let 06 d(X) < 1 and dim(X)> 1. Evidently, there is a nondegenerated subcontinuum
Y in X with 0 6 d(Y ) 6 d(X) < 1. By (A3) there exists a partition C in Y with
d(C) 6 d(Y ) − 1 6 d(X) − 1 < 0. Hence d(C) = −1 and C = ∅ (see Lemma 2(a)). It
is a contradiction. So dim(X) 6 0. But dim(X) > d(X) > 0 (see Lemma 2(b)). Hence
d(X)= dim(X)= 0.
Assume that for d(X) < k > 1 we have d(X)= dim(X).
Let k 6 d(X) < k + 1 and dim(X)> k + 1.
Claim. There is a compact space Y ⊂ X such that for any partition C in Y we have
dim(C)> k.
Proof. Really, if k + 1 6 dim(X) = r < ∞ then X contains a r-dimensional Cantor
manifold Y . If dim(X) =∞ then by Corollary 1 the space X contains a compact space
Y ⊂X such that for every partition C in Y we have dim(C)> k. The claim is proved. 2
Let Y ⊂ X be a compact space as in the claim. Note that d(Y ) 6 d(X) < k + 1.
By (A3) there exists a partition C in Y with d(C) 6 d(Y ) − 1 6 d(X) − 1 < k. By
inductive assumption we have d(C)= dim(C) < k. It is a contradiction. So dim(X) 6 k.
But dim(X) > d(X) > k (see Lemma 2(b)). Hence d(X) = k = dim(X). The theorem is
proved. 2
Remark 1. The axioms (A1)–(A3) are independent (see Part 5).
(A4) For every space X ∈ US with d(X) <∞ there exists a compactification Y ∈ US
of X with d(Y )6 d(X).
Theorem 2.
(a) The function dim considered on US satisfies (A1)–(A4).
(b) Let d :US→R∪{−∞,∞} satisfy (A1)–(A4). Then d(X)= dim(X) for allX ∈US .
Proof. (a) is evidently valid ( see (#) and, for example, [2]).
We have to prove (b). LetUC be a subclass ofUS that consists of all compact spaces from
US . The restriction d|UC :UC → R ∪ {−∞,∞} satisfies (A1)–(A3). So d(Y ) = dim(Y )
for all Y ∈ UC by Theorem 1. Consider X ∈ US \ UC . Let d(X) <∞. By (A4) there
exists a compactification Y ∈ UC of X with d(Y ) 6 d(X). According to (A2) we have
d(X) 6 d(Y ). So d(X) = d(Y ). But d(Y ) = dim(Y ) > dim(X). Hence d(X) > dim(X).
Let d(X) =∞. Then we have also d(X) > dim(X). Recall that d(X) 6 dim(X) for all
X ∈ US (see Lemma 2(b)). So we get d(X)= dim(X) for all X ∈US . 2
Remark 2.
(a) The axioms (A1)–(A4) are independent (see Part 5).
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(b) In the case of US = S we can use in Theorem 2 instead of the axiom (A4) the
following axiom
(A4)∗ For every space X ∈ S there exists a compactification Y ∈ S of X with
d(Y )6 d(X).
4. Axiomatic characterizations of D
In the sequel, WS (WC) denotes a subclass of S (C) that contains all Luxemburg’s
compacta Pα [9], where α is an ordinal number < ω1, and every space homeomorphic
with a closed subspace of a member of WS (WC). Examples of such classes WS (WC)
are all subspaces of strongly countable-dimensional compacta (all strongly countable-
dimensional compacta), the class S (C) and other.
Let [0,ω1) be the long line (see, for example, [5]). Mirror the long line of zero. Denote
the obtained space by (−ω1,0]. Put Rω1 = (−ω1,0] ∪ [0,ω1). Observe that R⊂Rω1 .
Let d :W →Rω1 ∪ {−∞,∞} be a function, where W is WC or WS .
Consider the following possible properties of d which are called axioms.
(B1) d(Pα)= α, where α is an ordinal number <ω1.
(B2) If f :X→ Y is a decomposing mapping between members of W then d(X) 6
d(Y ).
(B3) If X is nondegenerated and d(X) is a nonnegative real number then there exists a
partition Y in X with d(Y )6 d(X)− 1.
Lemma 3. Let d :WS (WC)→Rω1 ∪ {−∞,∞} be a function satisfying (B2) and A,X ∈
WS (WC). Then
(a) d(X)= d(Y ) if X ' Y ;
(b) d(A)6 d(X) if A is non-empty subset of X.
Definition 1. Let X be a space. Then
zwP (X)=

−1, if X = ∅;
min{α < ω1: there exists a decomposing mapping f :X→ Pα};
∞, otherwise.
Recall [9] that Pn = In if n ∈ {0} ∪ N. Hence the function zwP is an extension of the
covering dimension dim in S by (#). Recall also [9] that zwP (X) = D(X) for any space
X ∈ C, where D is the D-dimension [6], and if D(X) <∞ then there exists an ordinal
number β such that X can be embedded into Pβ .
Lemma 4. Let d :W → Rω1 ∪ {−∞,∞} be a function satisfying (B1), (B2) and X ∈W .
Then
(a) 06 d(X) if X 6= ∅;
(b) d(X)6 zwP (X).
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Proof. We shall prove (b). If zwP (X) =∞ then (b) evidently occurs. If zwP (X) = −1
then X = ∅. Hence d(X)=−1 according to (B1).
If −1 < zwP (X) = α < ω1 then by Definition 1 there exists a decomposing mapping
f :X→ Pα . According to (B1) we have d(Pα)= α. So by (B2) we get d(X)6 d(Pα)=
α = zwP (X). 2
(B4) Let A be a closed nonempty subspace of X ∈W and γ be a limit ordinal number
such that each open set, that intersects A, contains for each β < γ , a closed (in X)
subspace C of X \A with d(C)> β . Then d(X)> γ +min{d(A),ω}.
Let α be an ordinal number. In the sequel, α = λ(α)+n(α) is the natural decomposition
of the ordinal number α into the sum of the limit ordinal number λ(α) (0 is limit by
definition) and the finite number n(α)> 0.
Let X be a space and A ⊂ X. We shall denote the closure of A in X by [A]X and the
boundary of A in X by BdX A.
Lemma 5. Let d :WC → Rω1 ∪ {−∞,∞} satisfy (B2), (B4) and d(X) > ω for any
X ∈ WC with dim(X) = ∞. Then for any infinite-dimensional (in the sense of dim)
compact space X ∈ WC that does not contain closed subsets of each finite value of dim
we have d(X)=∞.
Proof. Put Ψ = {X ∈WC : dim(X) =∞ and X does not contain closed subsets of each
finite value of dim}. We have to prove that d(X) = ∞ for any member X ∈ Ψ . It is
equivalent that for any member X ∈ Ψ we have d(X)> α for any ordinal number α < ω1.
It is clear that for any space X ∈Ψ we have d(X)> ω. Assume inductively that for any
member X ∈ Ψ we have d(X)> β for any ordinal number β such that ω 6 β < α < ω1.
Let X ∈ Ψ . Put B = {x ∈ X: each open neighborhoodOx of x has dim(Ox)=∞}.
Note that B is a closed subspace of X such that
(a) dim(X \B)= k <∞ for some k ∈N;
(b) for every point x ∈ B and each open in B neighborhood Ox of x we have
dim(Ox)=∞. In particular dim(B)=∞. So B ∈Ψ .
Consider a base µ in B . There exists an element O ∈ µ with dim(BdB O) =∞. Put
A= BdB O . Note thatA ∈Ψ . Consider an open subspace V of B with V ∩A 6= ∅. Observe
that the set A is nowhere dense in B . So there exists a point x ∈ V \ A. By (b) we have
dim(V \A)=∞. Hence V \A must contain a closed in B subspace Y which is an element
of Ψ . By (B4) and the inductive assumption we have d(B) > λ(α) + min{d(A),ω} =
λ(α) + ω > α. By Lemma 3(b) we have d(X) > d(B) > α. Hence d(X) > α for any
ordinal number α < ω1. So d(X)=∞ for any X ∈ Ψ . The lemma is proved. 2
Recall [6] some properties of D-dimension. Let X be a space. Then
(a) if A is a subset of the space X then D(A)6D(X);
(b) if F is a closed subset of the space X then D(X)6D(X \F)+D(F);
(c) if X is the union of a locally finite collection of closed subsets each with D-
dimension 6 β then D(X)6 β (“locally finite sum theorem”).
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Theorem 3.
(a) The function D considered on WC satisfies (B1)–(B4).
(b) Let d :WC → Rω1 ∪ {−∞,∞} satisfy (B1)–(B4). Then d(X) = D(X) for all
X ∈WC .
Proof. (a) is valid (really, (B1), (B2) is from [9], (B3) are from the definition of D, (B4)
is from [6]).
(b) We have to prove the inequality
d(X)>D(X) for all X ∈WC. (∗)
LetX ∈WC . If d(X)=∞ then (∗) occurs. If d(X)=−1 thenX = ∅ (see Lemma 4(a)).
Hence D(X) = −1. Consider the case −1 < d(X) <∞. Define the function E :WC →
R∪ {−∞,∞} as follows.
E(X)=
{
d(X), if d(X) < ω;
∞, if d(X)> ω.
Note that the function E satisfies (A1)–(A3). By Theorem 1 we have E(X)= dim(X) for
all X ∈WC . So if d(X) < ω we get d(X)=E(X)= dim(X)=D(X).
Assume that for all space X ∈ WC with d(X) < α > ω we have d(X) = D(X).
Consider a space X with α 6 d(X) < α + 1. Note that dim(X) = ∞. Put A = {x ∈
X: each open neighborhood Ox of x has d([Ox]X) > λ(α)}. Note that A is a closed
subspace of X and if dim(A) = ∞ then the compactum A must contain by Lemma 5
closed subsets of each finite value of dim.
In the first place assume that dim(A)=∞ and A contains closed subsets of each finite
value of dim or n(α) < dim(A) <∞. Then there exists a closed subset B of A with
dim(B)= n(α)+ 1= d(B). Let V be an open subset of X with V ∩B 6= ∅. Consider any
open subset U of X such that [U ]X ⊂ V and U ∩B 6= ∅. Evidently, d([U ]X)> λ(α)> ω.
So dim([U ]X \B)=∞.
Claim. For every ordinal number γ < λ(α) there exists a closed (in X) subset C of V \B
with d(C)> γ .
Proof. Assume that it is false. Then there exists an ordinal number θ < λ(α) such that
for every closed (in X) subset C of V \ B we have d(C) 6 θ and so by the inductive
assumption D(C) 6 θ . Note that we can cover the set [U ]X \ B by the following system
ν = {Ox: x ∈ [U ]X \ B,Ox is an open neighborhood of x in X, [Ox]X ⊂ V \ B and
d([Ox]X) < λ(α)}.
Let {Kβ : β ∈ Γ } be a locally finite in [U ]X \ B refinement of ν that consists of closed
in X sets and it covers [U ]X \B . Observe that D(Kβ)6 θ for any β ∈ Γ . By locally finite
sum theorem for D we get D([U ]X \ B)6 θ < λ(α). Moreover, use the other property of
D-dimension
D
([U ]X)6D([U ]X \B)+D(B)6 θ +D(B)= θ + n(α)+ 1< λ(α).
Hence λ(α)6 d([U ]X)6D([U ]X) < λ(α). It is a contradiction. The claim is proved. 2
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So by (B4) we get α + 1 > d(X) > λ(α) + d(B) = λ(α) + n(α) + 1 = α + 1. It is a
contradiction.
Assume now that dim(A)6 n(α). Note that we can cover the set X \A by the following
system µ= {Ox: x ∈X \A,Ox is an open neighborhood of x in X, [Ox]X ⊂X \A and
d([Ox]X) < λ(α)}. Observe that D([Ox]X) = d([Ox]X) < λ(α) for any Ox ∈ µ by the
inductive assumption.
Let {Kβ : β ∈ Γ } be a locally finite in X \A refinement of µ that consists of closed in
X sets and it covers X \A. Observe that D(Kβ) < λ(α) for any β ∈ Γ . By locally finite
sum theorem for D we get D(X \ A) 6 λ(α). Moreover D(X) 6 D(X \ A) + D(A) 6
λ(α)+ n(α)= α 6 d(X). Recall that d(X)6D(X) (Lemma 4(b)). Hence d(X)=D(X)
for all X ∈WC . The theorem is proved. 2
Remark 3. The axioms (B1)–(B4) are independent (see Part 5).
(B5) For every space X ∈WS with d(X) <∞ there exists a compactification Y ∈WS
of X with d(Y )6 d(X).
Recall [7] that for any space X with D(X) 6=∞ there exists a compactification cX of X
such thatD(X)6D(cX)6D(X)+1. Moreover for every ordinal number α: ω6 α < ω1
there exists a spaceXα such thatD(Xα)= α and for any compactification cXα of the space
Xα we have D(cXα) > α [10].
Lemma 6.
(a) For any space X we have D(X)6 zwP (X)6D(X)+ 1.
(b) The function zwP considered on WS satisfies (B4).
Proof. (a) The inequality D(X) 6 zwP (X) is from Lemma 4(b). Let X ∈ S and D(X) 6=
∞. There exists a compactification cX of X such thatD(X)6D(cX)6D(X)+1. Recall
that D(cX)= zwP (cX). Hence zwP (X)6 zwP (cX)=D(cX)6D(X)+ 1.
(b) Let A be a closed nonempty subspace of a space X ∈ WS and γ be a limit
ordinal number such that each open set, that intersects A, contains for each β < γ , a
closed (in X) subspace C of X \ A with zwP (C) > β . We have to prove that zwP (X) >
γ + min{zwP (A),ω}. Really, observe that zwP (X) > D(X) > γ + min{D(A),ω} and
min{D(A),ω} = min{zwP (A),ω} because zwP (Y )= D(Y) for any finite-dimensional in
the sense of dim space Y . 2
Theorem 4.
(a) The function zwP considered on WS satisfies (B1)–(B5).
(b) Let d :WS → Rω1 ∪ {−∞,∞} satisfy (B1)–(B5). Then d(X) = zwP (X) for all
X ∈WS .
Proof. (a) Really, (B1)–(B3) are from Definition 1 and the properties of decomposing
mappings, (B4) is from Lemma 6(b). We shall prove that zwP satisfies (B5). Let X ∈WS
and zwP (X) = α <∞. Then there exists a decomposing mapping f :X→ Pα . By the
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properties of the decomposing mappings there exists a compactification cX of X and
a decomposing extension F : cX→ Pα of the mapping f . Note that zwP (cX) = α. By
Luxemburg’s analog of Nobeling–Pontrjagin theorem [9] named above there exists an
ordinal number β such that cX can be embedded into Pβ . Hence cX ∈WS .
(b) Let WC be a subclass of WS that consists of all compact spaces from WS . The
restriction d|WC :WC → Rω1 ∪ {−∞,∞} satisfies (B1)–(B4). So d(Y ) = D(Y) for all
Y ∈WC by Theorem 3. Consider X ∈WS \WC . Let d(X) <∞. By (B5) there exists a
compactification Y ∈ WC of X with d(Y ) 6 d(X). According to (B2) we have d(X) 6
d(Y ). So d(X)= d(Y ). But d(Y )=D(Y)= zwP (Y )> zwP (X). Hence d(X)> zwP (X).
Let d(X) =∞. Then we have also d(X) > zwP (X). Recall that d(X) 6 zwP (X) for all
X ∈WS (see Lemma 4(b)). So we get d(X)= zwP (X) for all X ∈WS . 2
Remark 4.
(a) The axioms (B1)–(B5) are independent (see Part 5).
(b) In the case of WS = S we can use in Theorem 4 instead of the axiom (B5) the
following axiom.
(B5)∗ For every space X ∈ S there exists a compactification Y ∈ S of X with
d(Y )6 d(X).
5. Independence of axioms
The following examples of functions establish the independence of the axioms.
Case 1. Let U be UC or US and X ∈U .
(a) Define d(X)= dim(X)+ 1. This satisfies (A2)–(A4) except (A1).
(b) Define
d(X)=

min{n ∈ {0} ∪N: there exists an embedding of X in In},
if −1< dim(X) <∞;
dim(X), otherwise.
This satisfies (A1), (A3), (A4) except (A2).
(c) Define
d(X)=

0, if there exists a decomposing mapping f :X→ T ,
where T is the pseudo-arc [8];
dim(X), otherwise.
This satisfies (A1), (A2), (A4) except (A3).
(d) Define
d(X)=

−1, if X = ∅;
0, if X is hereditarily disconnected
and −1< dim(X) <∞;
dim(X), otherwise.
This satisfies (A1)–(A3) except (A4).
Case 2. Let W be WC or WS and X ∈W .
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(a) Define d(X)= zwP (X)+ 1. This satisfies (B2)–(B5) except (B1).
(b) Define
d(X)=

zwP (X), if zwP (X) < ω or zwP (X)=∞;
min{β: there exists an embedding of X in Pβ },
if ω6 zwP (X) <∞.
This satisfies (B1), (B3)–(B5) except (B2).
(c) Define
d(X)=

0, if there exists a decomposing mapping f :X→ T ,
where T is the pseudo-arc [8];
zwP (X), otherwise.
This satisfies (B1), (B2), (B4), (B5) except (B3).
(d) Define
d(X)=

λ(zwP (X)), if there exists a decomposing mapping f :X→ Y ,
where Y is Z× T and Z is the one-point
compactification of the direct sum
⊕
i∈N T i ,
and zwP (X)> ω;
zwP (X), otherwise.
This satisfies (B1)–(B3), (B5) except (B4).
(e) Define d(X)=D(X). This satisfies (B1)–(B4) except (B5).
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